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power series. Let $f(x)=1+\sum_{n=1}^\infty a_nx^n$ be a formal
power series with radius of convergence $R>0$ and $a_n\to0$ as

$n\to\infty$. Show that there exists a constant $C$ such that $|a_n|\le
C/n$ for all $n\in\mathbb N$. Tried proving it by contradiction, but how
can I show that the radius of convergence is bounded away from $0$? A:
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Let $f(x)=\sum_{n=0}^\infty a_nx^n$ have radius of convergence
$R>0$ and $a_n\to 0$ as $n\to\infty$. Then for each

$x\in\bigcup_{n=1}^\infty(a_n,\,nR)$ there is a $N\in\mathbb N$ such
that $|a_n|\le nR$ for $n\ge N$, hence $|f(x)|=|\sum_{n=N}^\infty

a_nx^n|\le \sum_{n=N}^\infty |a_n|nR=N\sum_{n=N}^\infty
\frac{C}{n}nR\le \frac{CNR^2}{N}$ for every

$x\in\bigcup_{n=1}^\infty(a_n,\,nR)$. Therefore $f$ is uniformly
convergent on $\bigcup_{n=1}^\infty(a_n,\,nR)$. By definition $\bigcu
p_{n=1}^\infty(a_n,\,nR)=\bigcup_{n=1}^\infty(nR,\,2nR)\cup(\bigcup

_{n=1}^\infty 3ef4e8ef8d
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